Occasionally, we shall give 7" its usual representation as the group of integral residue classes, modulo n, so that j" will be the residue class, modulo w, in which the integer j lies.
Normal automorphisms.
Let G be a group, and let 77 be a normal subgroup of G. Let a be an automorphism of G such that 27 is admissible under both a and or1. That is, a(H)EH and a~1(H)EH. Then a induces an automorphism a' on G/27 given by a'(xH) =a(x)H.
In particular, if 77 is a characteristic subgroup of G, then every automorphism a of G induces an automorphism a' on G/77. If a induces the identity automorphism i on G/Zi, a is called a normal automorphism (sometimes center [3] or central [l] automorphism) of G, and a(x) = x mod Zi for every xEG. It is easy to see that aEA is normal if, and only if, (x, a(y)) = (x, y) for every x, yEG. Let 7\ be the set of all normal automorphisms of G. If automorphism composition is interpreted as a multiplication, 7\ becomes a subgroup of the automorphism group A of G with i as its identity, and Ty is normal in A. It is well known that Ti=C(J; A) [3] . An endomorphism 7 of G for which y(G)EZ\ is called a central endomorphism. If aGTi, a(x) =x7(x) for every xEG, where 7 is a central endomorphism of G with the further property (A) that to each yEG, there exists a unique g = g(y; y)EG with 7(g) =g~1y. We might write a = 1+7. If, conversely, 7 is a central endomorphism with (A), then the mapping a, defined by 01 = 1+7, 1S m 7\.
Let G be a group for which Z2 9^Z\. If uEZ2, uEZ\, then the mapping yu given by 7"(x) = (x, u) is readily seen to be a central endomorphism of G.
These yu will be called the Griin endomorphisms of G. If yEG, then 7u(tty«_1) = (uyu~l)~ly so that 7"(x) =x_1y has the solution x = wyw-1. If, conversely, x is any solution of 7"(x) =x~1y, then w~1xw=y so that x = MyM_1; and the solution is unique, establishing (A). Hence au, a mapping defined by au(x) = xyu(x) = «-1xtt = r"(x), is in Ti. Suppose, conversely, that aETiC\J. Let a = ru. Then u~^xu = x mod Zx for every xEG, so that uEZ2 and a=au. We state Lemma 1. T\C\J=:Z\(J), and the elements of the former are in one-to-one correspondence with the Griin endomorphisms of G.
For endomorphisms ya and y$ satisfying (A), note that ya(G)Eyg (G) implies y ag(G) Ey »(G), so that ya"(G)Eya(G) (m = 1, 2, 3 • • • ). yt is the trivial endomorphism (y,(x) =e f°r every xEG), and yt(G)Eya(G) for every
«G7V
Lemma 2. For aETu a(ya(G)) =ya(G) =a(ya-i(G)).
Proof. For xEG, a(a(x))=a(x)a(ya(x)), so that a(7a(*))G7a(G). Hence a(ya(G))Eya(G).
a-1 (x) = X7a-i(x) implies • that x = a(x)a(7a-i(x)) = xya(x)a(ya-i(x)), whence ya(x) = a(ya-i(x~1)); and ya(G)Ea(ya-i(G)). Replacing x by x_1, we have 7a(#-1) =a(7a-1(*)).
There exists yEG such that a(y)=y«(x~l)=yy<x(y)-Since ya(G) is a subgroup of G, yG7«(G). Thus, a(7«-i(x)) = a(y) where yGya(G), so that a(ya-i(G))Ga(ya(G)).
3. The common fixed points. The subgroup Zu the center of G, is the set of all elements of G which are fixed by each inner automorphism r" of G. For Ti = C(J; A), the set analogous to Zx is Bi, where x£73i if? and only if, a(x) =x for every aGTi. If F(ct) is the set of the fixed points of aGTi, then F(a) is a normal subgroup of G. Since Bi = f]F(a), where the cross-cut is taken over all aGTi, Bx is likewise a normal subgroup of G. Now F(a) = kern ya, and ya(G) is abelian.
Thus F(a)Z)G'', the derivative of G, for every aGTi, and 730G'. This shows that G/Bi is abelian and that if Bi= (e), then G is abelian.
Lemma 3. G'GBiGC(Z2; G).
Proof. If x£73i, 7"(x) = e for every Griin endomorphism yu, uGZ2. Consequently x commutes with every such u.
Corollary.
If C(Z2; G) =ZU then G is of class 2.
Suppose that H is a characteristic subgroup of G, that J(H; G) is the set of all inner automorphisms t" of G where i>G77 (wheret"(x) =v~lxv), and that (2(77"; G) = Q(H) is the set of all automorphisms of G such that aGQ (H) induces the identity automorphism on (7/77. For instance, J(G; G)=J, and Q(Zi, G) = Ti. J(H; G) is a normal subgroup of (2(77; G) . Let F=F(Q(H; G)) be the fixed points common to all mappings in (2(77; G) , and let T7* = F(J(H; G)) be the fixed points common to all mappings in /(77; G). F*DF. But F* = C(H; G), so that F(Q(H; G))GC(H; G). This general result will be used later to establish a variation of Lemma 3. Proof, (a) For xGG and aGTi, a(x) =x7"(x), where 7"(x) £Zi. There exists a least positive integer n = n(x; a) such that 7"(x")=e, since Zx is a torsion group. Since Ti is finite, we can form n(x), the least common multiple of all such n(x; a). For aGTi, «(x"(l)) =xn(l) so that x"(l)E73i, and G/Bi is a torsion group, (b) has a proof which is an obvious modification of the proof of (a), (c) Suppose that Zi is torsion-free and that xnGBi. Then for aGTi, a(x") =x". But a(x) =xya(x), so that 7a(x") =e. Since 7"(x) is not a periodic element, 7«(x) =e and xG2*i. Hence G/2?i is torsion-free.
Lemma 5. If G/Bi is complete, then each ya(G) is complete; and if, in addition, Zx is torsion-free, G/Bx and each ya(G) are direct sums of copies of R, the additive group of the rationals.
Proof. For zEya(G), there exist xEG and «G7"i with a(x)=xz. Since G/Bi is complete, for each positive integer n there exists yEG with x =yn mod B\. a(ynx~1) =y"x~1=ynya(yn)x-1z~1 = ynx~1ya(yn)z~1. Hence 7o(y") = z, and [7<,(y)]n = z. Since 7«(G) is abelian, this is enough to show that it is complete. If, in addition, Z\ is torsion-free, then Lemma 4(c) shows that G/2?i is torsion-free. Also each 7"(G) is torsion-free. But torsion-free, complete abelian groups are direct sums of copies of R. 4. Automorphisms induced on G/Bi. Since Bx is admissible under each normal automorphism of G, each such automorphism induces an automorphism on G/Bi. (See, however, [l] where G/G' for finite G is discussed instead.) If aG7\ induces the identity on G/2?i, then a(x) =xya(x) =x mod 2JX so that 7a(G)C2?i. Conversely, if a ETX and if 7a(G)C2?i, then the induced automorphism a' has the property a'(xBi) =a(x)Bi = xya(x)Bi = xBi for every xBxEG/Bi.
Thus, a necessary and sufficient condition that aETx induce i on G/2Ji is that 7«(G)C2Ji. Let the set of all such aG7"i be denoted by V\.
By a well known result [3, p. 78] on automorphisms which leave a normal subgroup 27 and the factor group G/77 point-wise fixed, Vi is an abelian group under automorphism composition.
Vi is a normal subgroup of 7\. Proof, (a) For xEG, a(x) =xya(x)=x~1 mod B\ so that x27«(x)G2Ji and ya(x2)ya(ya(x))=e. Thus ya(x)a(ya(x)) =e, so that a(7"(x)) =7a(^_1), and a induces w on 7a(G). (b) a induces co on G/B\ if, and only if, x27"(x)G2Ji for every xGG. For 8ETU yp(x2ya(x)) =e so that 7/s7a(#) =yp(x~2 and Wi/Vi^J(Wi). Since Wi/Vi^h, J(Wi) is cyclic, an impossibility [2] .
We have now established (a) for the case j = 1. Now suppose that the theorem holds for the case j -1. If 8GW* and if
Noting that (a, 8) G Vi since 7a(x-2) GBi, (b) can be applied for the case j-l, and 7a[(x2' )~2}-e, whence 7"(x2')=e for every xGG. Conversely, suppose that aG Vi and that 7«(x2)) =e for every x£G. Choose BGW*. y(a,B)(y) = 7a7^(y) =7a(y-2) for every yGG. Let y = x2'~ . Then 7a(y~2) =e by assumption, and 7(«,0)(x2' )=e for every xGG. It is fairly obvious that a and BETx induce the same automorphism on G/Bx if, and only if, a = 8 mod V\\ and an equivalent condition is that 7«(x) =7(s(x) mod Bx for every xEG. It follows that if a = 8 mod Vx, then there exists an endomorphism X",0 on G into BxC\Zx such that (1) the kernel of ~\a.$ is just F(a-lB) = F(B~1a); (2) ya(x) =y,(*)X«.,(*); and (3) for gEG, Xa,"(x) = B(x~1)g has a unique solution x = i:(g)6G.
Conversely, if X is an endomorphism of G into Bxf^Zx, if BETx and if X(x) = B(x~1)g has a unique solution x = x(g) for every gEG, then the mapping a defined by a(x) =(3(x)X(x) is a normal automorphism of G such that a=j3 mod Vx and such thatX=Xa,0. We restate as follows: [January Lemma 8. If BGTi and if X is an endomorphism of G into Bif\Zi, then 8+\GTi with 8+>>=B mod Vi if, and only if, i+p^XGPi.
Recall that rx(y) =x_1yx.
Lemma 9. (a) aGW* implies that rxa_1 (x) = a(x) for every xGG' (b) aGTi and a2 = i imply that a induces co on ya(G). If, in addition,aGZi ( Wi) C\Vi and if W* is nonvoid, then 7"(G)Ckern ya.
Proof, (a) is immediate. As for (b), aGTi implies that a(x)=x7a(x) and
or a(7"(x)) -ya(x~1), since a~1=a, and a induces co on ya(G). From this, ya(x)y2t(x) = y«(x~1), and 7a(x-2) =7«(x). By Theorem 1(b), 7a(x-2) =e, so that 7^(x) =c and 7"(G) Ckern ya. 5 . The P-series. G/Bi(G) is an abelian group so that all of its automorphisms are normal. Define B2(G) as the complete inverse image in G of
Each Bj is a normal subgroup of G, and i£j implies that BiGBj, so that the P-series ascends monotonically in its index. Each G/B, is abelian (j>0), and Bj+i/Bj is the set of elements of G/Bj which are each fixed by all automorphisms of G/Bj (j>0). If Bj+i=Bj, then for all k^j, Bk = Bj. Proof, (a) Since G/Bi is abelian, it has the involution automorphism co.
If gBiGB2/Bi, then u(gB1) =gBi = g~1Bi, and g2GBi. Since G/Bi has no elements of order 2, g£Pi and P2CPi. (b) For x2£Pi and aEPi, a(x2)=x2 = x27"(x2), and 7"(x2)=e. Since 7"(G) has no elements of order 2, 7a(x)=c and x£Pi-Hence G/Bi has no elements of order 2, and (a) applies, (c) There •is no fixed point common to all automorphisms of G/B\, so that B2/Bi is trivial, and B2 = Bi. (d) a induces a', an automorphism on G/Bx. a!(xBi)t^xBi so that (c) can now be applied, (e) If gGB2, then, as we saw in the proof of (a), g2GBi. For 8GTi there exists an induced automorphism 8' on G/Bx.
Since gGB2, B'(gB1)=gBi=B(g)Bi. Hence 8(g) =-g mod (ZiHBi). 82(g) = B(gya(g)) =8(g)7s(g) =gya(g2)> since yB(g) GBiHZi. But g2GPi implies that yp(g2)=e, so that 82(g)=g-Since every aGTi is, by hypothesis, a square, gGBu and B2GBi. and bx, bvEB\. By the case already established for factors in B\, a(xy) = u2bxby -xy = xcyc = a(x)a(y), since c2 = e. It is thus seen that a is an automorphism of G and that aETxCWi (since a induces the identity on G/Zi and on G/Bx). Let Kx be the subgroup of 23xP»Zi generated by the elements of order 2 of that group. We have proved Theorem 2. If G = B2, then Tx is an elementary abelian group with exponent 2, and Tx= Vx=Kx.
If G = B2 and if aETx, a^i, then ya(G)=I2.
Proof. By the proof of the theorem, kern 7a = 2?x. Apply Lemma 11.
7. Some properties of the 2?-series.
Lemma 12. Bn+1(G)/Bx(G)^Bn(G/Bx(G)).
Proof. The lemma is valid for m = 1. Suppose that it is true for the case j-1.
We say that G is B-nilpotent of B-class n (or n-B-nilpotent) if G = Bn. = e if x(£Pi. If x£Pi. the calculation still gives e. Recalling that B0=(e), we see that the lemma is established for n = 2. Suppose that the lemma holds for the case n -l. Since G = Bn, G/Bi is (n -l)-S-nilpotent, by Lemma 12. For aGTi, consider the induced automorphism a' on the abelian group G/Pi. By the induction assumption, if a'(xPi) = (xPi)(zPi), then zBia'(zBi)GBn-z(G/Bi). Now a(x) =xya(x), so that a'(xPi) =x7a(x)Pi, and xz = X7"(x) mod Pi. Hence z=7a(x) mod Pi so that zPi = 7"(x)P1. A substitution shows that 7a(x)Pia'(7a(x)Pi) =7"(x)
•a(7a(x))PiGP"_3(G/Pi). But P"_3(G/Pi)^Pn_2/Pi, by Lemma 12. From this we can conclude that ya(x)a(ya(x)) GBn-2 ior every aGTi and for every x£G.
The lemma is established. Corollary 1. 7/G = P", w^2, and if aGTi, then a2(x) =x mod (Zif\B"_2) for every xGG.
Proof. a(x)=X7a(x) implies that a2(x)=xya(x)a(ya(x)). By the lemma, ya(x)a(ya(x)) GPn-sCorollary 2. If G -Bn, « -2, and if aGTi induces co on ya(G) or on G/Bi, then a2 = i.
Proof. If a induces co on 7"(G), then a(7a(x)) =7a(x_1), so that, by the proof of Corollary 1, a2(x) =x for every xGG. By Lemma 7(a), if a induces co on G/Bi, then a induces co on ya(G).
Corollary
3. Let M(a) be the largest subgroup of ya(G) on which a induces the involution automorphism.
If G = Bn, w^2, then ya kern ya1 -M(a), and ya2(G) is an a-admissible subgroup of ya(G)r\B"-2.
Proof. xGkern7a2if, and only if, 7a2(x) =7<,(x)a(7«(x)) =e; that is, equivalently, «7a(x) =7a(x_1).
But the latter is equivalent to ya(x)GM(a). By Lemma 2, ya(G) is a-admissible, so that, for given x£G, a(7<,(x)) =ya(y) for a suitable y = y(x; a). Then y«2(x) =7a(x)7a(y), and a(ya*(x))=a(ya(x)) ■a(ya(y)) =ya(y)aya (y) =7a2 ( 
Corollary.
BJBx is u.t. abelian with exp (B"/Bx) \ 2n_1, so that, for an n-B-nilpotent group G, G/Bx is u.t. abelian, and an n-B-nilpotent group with periodic Bx is itself periodic. 
If G with torsion-free Zx is n-B-nilpotent, then Wx=Vx, or Vx is trivial, and Wx is an elementary abelian group with exponent 2.
Proof. If W* is nonvoid, then Theorem 1, Corollary 1(b) , and the present theorem show that Vi is trivial. Since aEW* implies that a2E Vx, Wx is elementary abelian with exponent 2.
Lemma 16. Each Bn is Tx-admissible, and, if m^I, ya(Bn)EB"-xfor every ctETx.
Proof. 2Ji is 7Vadmissible. Suppose that Bn-x(G) is 2Yadmissible for every group G. gEBn implies that gBn-xEBx(G/Bn-X). For aETx, 2J"_i is both a-and or ^admissible (by the induction assumption), and a induces an automorphism a' on the abelian group G/2Jn-i-Since gBn-xEBx(G/Bn-x), a'(gBn-x)=gBn-x = a(g)Bn-x, and a(g)=g mod Bn-x. Hence ya(B")C25"_i.
Since Bn-xEB" and gEB", a(g)EB" so that Bn is a-admissible. 8. Orbital elements. An element xEG is said to be n-orbital if an(x) =x for every aETx. Collecting these M-orbital elements together in a set 7," = Ln(G), we see that Ln is a subgroup of G. Since Tx-C(J; A), Ln is normal in G. More generally, Ln is C(Tx; .4)-admissible.
(We shall discuss C(7\; A)
below.) Lx = Bx, and m\n implies LmELn. Thus G'EBx = LxELn for every positive integer n, and G/Ln is abelian. From the proof of Lemma 10(e), we see that xEB2 implies a2(x) =x for every aG7\, so that B2EL2. For positive integers sgtt, let C(s, t) =s\/tl(s -t)\. Consider C= C(2n_1, r), where m = 2 and r£n -1. If r is odd,
where sER is a quotient of odd integers. Let k -2chdk, where a is a non-[January negative integer, and dk is an odd integer. Since r is odd and ^ 2"-1, r ^ 2n_1 -1 and k^(r-l)/2^2"~2-l. Thus we have ck^n-3, and (2"-1-2fe)/2fe = (2n~2~ck -dk)/dk, a quotient of odd integers. We have proved that r odd implies that 2"-1|C(2"-\ r). C(2*~\ r + l) = [(2n~1-r)/(r + l)]C(2n-1, r). For odd r^5, the exponent of the highest power of 2 dividing into r + l is %.r -2, so that 2"-'"+1| C(2"-1, r + l), and 2n~<-r+1)\ C(2n~\ r + l). If r = l, then r + l = 2, and 2"-* = 2"-<^»| C(2"~l, r + l). If r = 3, then r + l =4, and 2n-3 = 2»-r| C(2"-1, r + l). We summarize in Lemma 17. For w^max (2, r + l), 2""r| C(2"-\ r).
Theorem 4. B"GLm, where w = 2n_1.
Proof. Since the earlier cases have been treated, we assume that w^3. &n_rGPn-r, and 7"(g) = 6"_i, ya(bt)=bt-.i (t = n-k + l,n-k + 2, ■ ■ ■ ,n-l).
When r>n -1, we take bn-T -e. Then
But C(*. l)+l = C(fe + l, 1), C(k, r) + C(k, r-l) = C(k + l, r), and C(k, k) = l = C(k + l, k + l). Thus, and the induction is complete. Now take k = m = 2n~1 and note that a°=i. Since b's with nonpositive subscript are e, we can write am(g) =gY!T-ibn('-i^-By Lemma 15, ft»-r£y«(5n-,+i) implies that ti£7r =e. By Lemma 17, however, 2"-r| C(w, r), so that am(g) = g.
If gGBn, « = 2, */ a£Pi, and if m = 2n~1, then aml2(g) =g mod Pi, and yaml2(g2)=e In particular, if G = Bn, then am/2GVi, and Pi/ Vi is u.t. with exponent dividing 2"~2.
Proof. By Lemma 12, gPiGPn-i(G/Pi).
Let a induce a' on G/Pi. By the theorem, a'm/2(gPi) =gPi, and aml2(g)=g mod Pi; that is, aml2(g) =gb where b=ya">n(g)GBi.
Also by the theorem, am(g)=g.
But am(g) =aml2(aml2(g)) = aml2(gb) =gb2, and b2 = e.
Lemma 18. Let n be an integer 2:1, and let G be a group for which each automorphism of G/Bn can be extended to a normal automorphism of G. Then if ya(g)GB"for every aGTi, gGBn+i.
Proof. By hypothesis, a(g) =g mod P" for every a£Pi-Let a induce a' on Proof, (a) For OEUx and aG^i, da(x) = 8(x)8ya(x) =ad(x) = 8(x)ya6(x), so that 8ya = ya8 for every aG7"i. If gEB\, then yaB(g) =8ya(g) =B(e)=e for ctETx, and 8(g)EBx-Now suppose that Bn is J/i-admissible. For gEBn+1, y<x8(g)=8ya(g).
ya ( 
Since 8 is an automorphism, ya(g) =g, and gEF(ya).
Theorem 5. Each element of C(Tx; A) induces a normal automorphism on Z2, and there exists a homomorphism on C(Tx; A) into Tx(Z2) with kernel consisting of all those mappings in C(Tx; A) which reduce to the identity on Z2.
Proof. BEUx implies that 6 commutes with every Griin automorphism of G. If, therefore, uEZ2, then 8(x~1u~1xu) =8(x-1)8(u~1)8(x)8(u) = 8(x~1)u~18(x)u for every xEG. u8(u_1) is, consequently, in the centralizer of every 8(x), xEG. Since 8 is an automorphism, u8(u~1)EZx(G)EZ1(Z2(G)), and 8(u) = u mod Zx(Z2(G)), so that 6 restricted to Z2 is normal thereon.
Corollary.
If G is of class 2, then JEC(Tx; A)ETU and C(Tx; A) = Zx(Tx).
10. The higher normal autmorphisms. If aEA has the property a(x) =x mod Z" for every xEG, we say that a is an n-normal automorphism, and we have described the higher normal automorphisms of G. Let Tn be the set of M-normal automorphisms of G. Under automorphism composition, Tn is a normal subgroup of G, and m^n implies that TmET". Proof, (a) aET"
induces an automorphism a' on G/Zn_i. For every xEG, xZn_xEG/Zn_x, and a'(xZ"_i) =a(x)Z"_i = xzZn_i where zEZn. Then zZn-xEZx(G/Zn_x), so that a' is normal on G/Zn_i. It is not difficult to see that if a, BETn, then (aB)' = a'B', so that (') is a homomorphism on Tn into Tx(G/Zn~x). Suppose that a' = t. Then a'(xZ"_i)=xZ"_i for every xEG, and [January a(x)=x mod Z"_i. Hence a induces the identity on G/Zn-i, and a£P"_i. Let 5bea set of automorphisms of G and let A^ (5) be the set of all gGG such that a(g) =g mod Zi for every aGS.
Lemma 20. If K is a subgroup of A, then C(K; A)C\J=J (N(K) ; G). In particular, Zi(A)(~\J=J (N(A) ; G).
Proof. If Tga = aTa for every aGK, then g~1a(x)g = a(g~1)a(x)a(g) for every xGG, so that ga(g_l) is in the centralizer of every a(x). Since a is an automorphism, ga(g~l)GZi, and a(g)=g mod Zi, so that gGN(K) and t" GJ (N(K) ; G). The proof can be read in reverse to obtain the converse.
Lemma 21 This implies that G'GZi, and G is of class 2.
A similar result is contained in Proof. First, we establish three lemmas:
(R) For a group G, JGTn if, and only if, G is of class n + l.
(S) For a group G, jnZn(A)GJ(Zn+i; G).
(T) A group G with property (2) has the further property that Jf\Zn(A) = J(Zn+1; G) (for the n of property (2)).
To prove (R), use the proof of the last statement of Lemma 21 as a model. As for (S), take m = 0. Then JC\Zn(A) consists of i alone, and the inclusion is trivially valid. Suppose that it holds for m = A. TgEJ^Zk+1(A) implies that (a, T")EZk(A) for every aEA. A brief computation shows that (a, t") =r", where h = ga~l(g~l). By the induction assumption, ga~1(g~1)EZk+1, and this is to be valid for every «G^4-If we take a=rx, xEG, then gxg~lx~lEZk+x for every xEG, and gEZk+2. But this means that J(~\Zk+x(A)EJ(Zk+2; G).
To prove (T), let {a,} (i=l, 2, •••,») be any finite set of elements of A. For a fixed gGG, define gx = gctT1(g~1). If gk is defined, let gk+x = gkat~+1(gt~1).
A different finite set of elements of A, or even the same set in a different order, may very well lead to a different finite sequence {g<} on g. Let Gi(g) = Gi be the set of all g,-obtained in this fashion for fixed g and fixed positive The verification of the following results is easy: Tx(Dik) is isomorphic to the Klein four group, I2@I2. Let us denote the four group by 53. Bx(Dtk) consists of all (xtk, 02) where x is even, so that Bx(Dik)=I2k-Likewise, Bx(Dik) = D'ik, and, in fact, Dik/Bx(Dik) 23. It follows that the 5-series breaks off at B1(Dik). Tx(Dik+2)^I2. Bx (Dik+2) consists of all (x4i+2, 02), so that 73i(2?«+2)=7n. Dik+2/Bx(Dik+2)^I2 so that, by Lemma 11, 7>4*+2 is 2-2J-nilpotent. If m = 4, then Dt/Zx(Di) is isomorphic to 93 whence Di is of class 2. Then T2(Di) =A(Di), and it can be readily verified that A(Di)^Di and that F(T2(Di)) = BX(Dt) = Zx(Di).
(B) Let G be a group of type (200). G is isomorphic to the additive group, modulo 1, of the rationals A/2n, where A is an odd integer or 0. Since G is abelian, Tx(G)=A(G).
G has a nontrivial automorphism a(k/2n) = 1 -(k/2n) corresponding to the conjugation automorphism on the representation of G on the unit circle. The only fixed points are 1=0 and 1/2. Conversely, if 8 is any automorphism of G, 2/3(1/2) =8(1) = 1 =0, so that 8(1/2) =1/2 or 0. Thus 2*i^72. Since G/Bx^G, B2 consists of 0, 1/4, 1/2, and 3/4, and 2*2^74.
In general, 73"=72». G = U2J" where the union is taken over all positive integral values of n.
(C) Let G be the multiplicative group of all nonsingular 2 by 2 matrices over the field of rationals, R. It is well known that Zi consists of all (u 0\ and that Z2 = Zi. By Lemma 1, we have an example of a group for which Tx(~\J is trivial. Let p. be an endomorphism of the multiplicative group of nonzero rationals R* where xp,(x2a) = l has a unique solution x = x(<z; p.) for every aER*. Let di and d2 be integers with the restriction \di\ =1. Define a mapping a = a(p; dx, d2) on G by Let n be an endomorphism of R* such that, to each positive prime p, there exists a positive prime q with <z|/u(p)| =1 =<z|m(9)| • Then a(fi; d\, d2)GT\, so that, for this group, Pi is far from trivial and Ti9* Wi. Negatively, one can show, for instance, that if fi is an endomorphism of R* for which |m(/>)| is always a product of k positive primes (or a product of the reciprocals of £ + 1 positive primes) for every positive prime p, then the corresponding a is not an automorphism.
(D) Let G be a group with generators a, b, and c, where a2 = e, ab = ba, ac = ca, and bc = cba. Then every element of G can be written uniquely as a product aibick where i is 0 or 1, and j and k range over the integers. Zi=72 and G/Zi^R®R so that G is nilpotent of class 2. One can verify that Pi^S3. An element is in Px if, and only if, j and k are both even. Under any automorphism a each center element, a\ is fixed. There is an automorphism 8 which changes the sign of j in each term. Its set of fixed points is precisely all elements with _/' = 0. There is an automorphism 8 which changes the sign of k in each term, and the corresponding fixed points are all elements with k = 0. The cross-cut of these two sets of fixed points is Zi, so that Zi = F(A) = F(T2), and this latter set is included in P(Pi) =Pi properly. (In the example of Di above, F(TX) = F(T2) for the class 2 group D4.) License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
